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Abstract
In this paper the gravity’s rainbow function is derived in terms of a varying speed of
light (VSL) theory. We calculate the modified temperature, entropy and heat capacity
of the Schwarzschild, Kerr, AdS black holes, as well as spinning black rings. Our results
demonstrate that in rainbow gravity the behaviors of various black holes have remarkably
essential difference from those of standard black holes near the Planck scale.
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1 Introduction
Gravity’s rainbow is a remarkable attempt to reach the unification of general relativity and
quantum mechanics, which is a goal of high difficulty due to ultraviolet-divergence and non-
renomalizability of the existing quantum gravity theories. Various candidate theories of quan-
tum gravity have been established such as string theory [1, 2, 3, 4], loop quantum gravity
[5], quantum geometry [6], spacetime discreteness [7], spacetime foam models [8], etc.. They
demonstrate a common feature that Lorentz violation is indispensable when building up an
appropriate theory of quantum gravity; that is, it is essential to modify the standard energy-
momentum dispersion relation into a new form.
A promising approach to achieve this aim is to generalize the special relativity to a double
special relativity (DSR) [9] that contains two fundamental constants, the velocity of light and
the Planck energy. The simplest DSR based on a nonlinear Lorentz transformation in momen-
tum space reveals that the usual dispersion relations of special relativity must be corrected at
Plack scale. The theory of DSR could be extended to a curved manifold to deliver information
of gravity. In such a framework the spacetime metric is no longer a freely chosen one but
depends on the energy of a probing particle; the spacetime geometry in consequence leads to
a parameter family of energy dependent metrics, known as the gravity’s rainbow [10].
The modified dispersion relations in gravity’s rainbow can be collectively expressed in a
form: (~ = c = kB = 1 hereinafter)
E2f 2
(
E
Ep
)
− p2g2
(
E
Ep
)
= m2, (1)
where E represents the energy of a probing particle, and Ep the Planck energy. The two
functions f (E/Ep) and g (E/Ep) have the following behaviors in the infrared limit E/Ep → 0:
lim
E/Ep→0
f
(
E
Ep
)
= 1, lim
E/Ep→0
g
(
E
Ep
)
= 1. (2)
According to Magueijo and Smolin [10], the idea of energy-dependent spacetime metric for
gravity’s rainbow is realized via the following modification:
g (E) = ηabea (E)⊗ eb (E) . (3)
The frame fields depending on energy E are given by
e0 (E) =
e˜0
f (E/Ep)
, ei (E) =
e˜i
f (E/Ep)
, (4)
where ∼ refers to the energy-independent frame fields. The metric in flat spacetime reads
ds2 = − dt
2
f (E/Ep)
2 +
dxidx
i
g (E/Ep)
2 . (5)
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The modified temperature of the black hole in gravity’s rainbow is calculated as
T =
g (E/Ep)
f (E/Ep)
T0, (6)
where T0 is the standard temperature of black hole. The Einstein’s equations are therefore
modified as
Gµν
(
E
Ep
)
= 8piGTµν
(
E
Ep
)
, (7)
Gµν and Tµν being functions of E/Ep.
The rainbow functions f (E/Ep) and g (E/Ep) have various types, giving rise to different
modifications of the dispersion relation. For instance, the most studied rainbow function
proposed by Amelino-Camelia reads [11, 12]:
f
(
E
Ep
)
= 1, g
(
E
Ep
)
=
√
1− η
(
E
Ep
)n
, (8)
which can be obtained from loop quantum gravity and noncommutative versions of Minkowski
spacetime [12]. The second example is a function compatible with the results from the hard
spectra of gamma-ray bursts at cosmological distance [8, 9, 13]:
f
(
E
Ep
)
=
eβE/Ep − 1
βE/Ep
, g
(
E
Ep
)
= 1. (9)
The third example is a function in which the velocity of the light keeps as a constant [14]
f
(
E
Ep
)
=
1
1− λE/Ep
, g
(
E
Ep
)
=
1
1− λE/Ep
. (10)
Recent applications of rainbow gravity to investigation of black holes have attracted much
attention and several achievements have been made [15, 16, 17, 18, 19]. For instance, a result
of standard black hole thermodynamics is that a small black hole of the Planck scale radiates
continuously such that the black hole temperature rises to infinity until the black hole mass
decreases to zero [20]. For this paradox, the gravity’s rainbow provides a natural restriction
that the horizon radius of a black hole cannot be less than the scale of the Planck length by
the end of the evaporation process, while the remnant of the black hole at the final stage of
evaporation has zero entropy, zero heat capacity and finite temperature. Moreover, the entropy
of a black hole does not obey the area theorem in a strict manner, but contains an additional
correction.
Based on the above models, we propose in this paper a new form of VSL theory (Varying
speed of light):
f (E/Ep) =
1
1− ηE/Ep
, g (E/Ep) = 1, (11)
2
where η is a dimensionless positive constant. This leads to the following new energy-momentum
relation
E2(
1− η E
Ep
)2 − p2 = m2, (12)
where the maximal energy reaches Ep
η
. For massless particles, m = 0, the dispersion relation
turns to be
p =
E
1− η E
Ep
, (13)
hence a spacetime with the energy-dependent velocity is achieved,
c˜ =
(
1− η E
Ep
)2
. (14)
In this model, varying velocity of light in the rainbow gravity becomes smaller when the energy
of photons increases.
In the coming Sections 2–5, emphasis will be placed on the above rainbow gravity, espe-
cially its impact on black hole and black ring thermodynamics. We will shown that differences
between the situations with and without rainbow gravity effects, for Schwarzschild black hole,
Kerr black hole, AdS black hole and spinning black ring, respectively. Finally a brief conclusion
will be presented in Section 6.
2 Schwarzschild black hole
The modified metric of gravity’s rainbow reads [10]
ds2 = − 1−
2M
r
f 2(E/Ep)
dt2 +
dr2(
1− 2M
r
)
g2(E/Ep)
+
r2dΩ
g2(E/Ep)
. (15)
It is assumed that in a Hawking radiation process a particle is emit from a Schwarzschild black
hole. According to the near-horizon geometry, the measurement precision of the particle’s
position is of the order of the event horizon radius, ∆x ≈ r+. In the light of the Heisenberg’s
uncertainty principle,
∆p ≥ 1/∆x, (16)
we deduce the relation between the event horizon radius of the Schwarzschild black hole and
the momentum of the particle emission in the Hawking radiation,
∆p ≥ 1/∆x ≈ 1/r+. (17)
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This relation can be further translated into a bound put upon the energy [21, 22, 23, 24]
E ≥ 1/∆x ≈ 1/r+, (18)
where E is understood as the particle energy suppressed by the Planck energy Ep. Then,
linking the surface gravity directly to the black hole temperature [15], we have
T =
κ
2pi
=
g(E/Ep)
f(E/Ep)
1
8piM
, (19)
and therefore achieve the corrected temperature in terms of the event horizon radius,
T =
1
4pir+
(1− ηE
Ep
) =
1
4pir+
(1− η
r+Ep
), (20)
where r+ = 2M .
It is seen that the temperature goes to zero when the black hole evaporates to a small one
with horizon radius
r+ =
η
Ep
. (21)
This corresponds to a minimal mass
Mmin =
η
2Ep
. (22)
Figures 1, 2 and 3 demonstrate the modified temperatures, entropies and heat capacities,
respectively, in the units η = 1, Ep = 1. Figure 1 shows that, in the framework of rainbow
gravity, the scale of the black hole cannot be less than the Planck mass by the end of the
evaporation process, while the black hole’s remnant at the final stage of evaporation has a zero
temperature.
The entropy can be derived from the first law of black hole thermodynamics
S =
∫
dM
T
= pir+
2 +
2piη
Ep
r+ +
2piη2
Ep
2 ln
(
r+ −
η
Ep
)
, (23)
which degenerates to S = pir+
2 when η → 0. It is seen from Figure 2 that the black hole
reaches a nonzero entropy and the information of the black hole may remain in this remnant.
The reason why negative values of the entropy emerge near the minimal horizon radius (seen
also in the following sections) lies in that the real minimal mass of the black hole is not exactly
equal to the Mmin we have deduced, but a little bit larger than that; or, at an ultrashort
distance there exists new physics unknown to us so far.
The heat capacity of the black hole is determined by
C =
∂M
∂T
=
2piEpr+
3
2η − r+Ep
, (24)
showing that the heat capacity CJ > 0 for a small horizon radius, and CJ < 0 for a large one.
Figure 3 indicates that the heat capacity diverges as the temperature reaches its maximum
value, and decreases to zero when the horizon radius reaches its minimal value.
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Figure 1: The standard (black) and modified temperature (red) versus the horizon radius for a Schwarzschild
black hole.
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Figure 2: The standard (black) and modified entropy (red) versus the horizon radius for a Schwarzschild black
hole.
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Figure 3: The standard (black) and modified heat capacity (red) versus the horizon radius for a Schwarzschild
black hole.
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3 Kerr black hole
Similarly the metric of Kerr black hole in rainbow gravity is given by [25]
ds2 = − dt
2
f 2(E/Ep)
+
2Mr
Σ
(
dt
f(E/Ep)
− a sin
2 θdφ
g(E/Ep)
)2
+
Σdr2
∆g2(E/Ep)
+
Σdθ2 + (r2 + a2) sin θ2dφ2
g2(E/Ep)
, (25)
where
Σ = r2 + a2 cos2 θ, ∆ = r2 + a2 − 2Mr. (26)
Using the above method we achieve the corrected temperature in gravity’s rainbow, which is
expressed by the horizon radius of the black hole r+ as well as the angular momentum per unit
mass, a = J/M . Here we employ E ≈ 1/r+ ≈
√
4pi/A, where A denotes the area of the outer
event horizon, for the Schwarzschild case, but take A = 4pi(r+
2 + a2) for the Kerr case,
T =
r+
2 − a2
4pir+(r+2 + a2)
(
1− η
Ep
√
4pi
A
)
=
r+
2 − a2
4pir+(r+2 + a2)
(
1− η
Ep
√
r+2 + a2
)
, (27)
with the horizon radius deduced from M = r+
2+a2
2r+
.
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Figure 4: The standard (black) and modified temperature (red) versus the horizon radius for a Kerr black hole.
The first law of the black hole thermodynamics leads to the entropy
S =
∫ (
dM
T
− ΩdJ
T
)
= pi
(
r+
2 + a2
)
+
2piη
Ep
√
r+2 + a2 +
2piη2
Ep
2 ln
(√
r+2 + a2 −
η
Ep
)
, (28)
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Figure 5: The standard (black) and modified entropy (red) versus the horizon radius for a Kerr black hole.
where the angular velocity Ω and the angular momentum J are given by, respectively,
Ω =
a
r+2 + a2
, J =
a(a2 + r+
2)
2r+
. (29)
This entropy degenerates to S = pi(r+
2 + a2) when η → 0. Similarly, the heat capacity
determining the stability of black holes at a constant angular momentum is calculated as [26]
CJ = T
(
∂S
∂T
)
J
=
∂(S, J)
∂(r+, a)
/
∂(T, J)
∂(r+, a)
=
2pi(r+2−a2)(r+2+a2)
5
2
a4(3
√
r+2+a2−4ηEp−1)−r+4(
√
r+2+a2−2ηEp−1)+6a2r+2(
√
r+2+a2−ηEp−1)
. (30)
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Figure 6: The standard (black) and modified heat capaity (red) versus the horizon radius for a Kerr black hole.
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Figure 4, 5 and 6 in the units η = 1, Ep = 1 and a =M/2 indicate that the modified tem-
perature, entropy, and heat capacity of a Kerr black hole are similar to those of a Schwarzschild
black hole.
4 AdS black hole
The metric of AdS black holes in rainbow gravity is given by [25]
ds2 = − F (r)
f 2(E/Ep)
dt2 +
dr2
F (r)g2(E/Ep)
+
r2dΩ2
g2(E/Ep)
, (31)
with
F (r) = 1− 2M
r
+
r2
l2
, (32)
where l is the radius of a charged AdS black hole. The temperature can be obtained by using
E ≈ 1/r+
T =
3r+
2 + l2
4pil2r+
(
1− η
r+Ep
)
. (33)
Figure 7, 8 and 9 are the plots of the modified temperatures, entropies and heat capacities in
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Figure 7: The standard (black) and modified temperature (red) versus the horizon radius for an AdS black
hole.
the units η = 1, Ep = 1 and l = 1. From Figure 7 we can see that the standard temperature
of an AdS black hole has a positive minimal value 2
√
3
4pil
, while its modified temperature reduces
to zero at the point of minimal horizon radius η/Ep. Moreover, according to F (r+) = 0, the
mass turns to be M = r+
3+l2r+
2l2
, which leads to the minimal mass
Mmin =
η
(
η2 + l2Ep
2
)
2l2Ep
3 . (34)
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The entropy is derived in the same way,
S =
∫
dM
T
= pir+
2 +
2piη
Ep
r+ +
2piη2
Ep
2 ln
(
r+ −
η
Ep
)
, (35)
and the heat capacity of an AdS black holes is obtained as
1 2 3 4 5
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S
Figure 8: The standard (black) and modified entropy (red) versus the horizon radius for an AdS black hole.
C =
∂M
∂T
=
2pir+ (3r+
4 + l2r+
2)
3r+3 − l2
(
r+ − 2ηEp−1
) . (36)
Figure 9 indicates that, in contrast with the above two black holes, the modified heat capacity
here has a positive minimal value 2pi(η/Ep)
2 at the point of minimal horizon radius r+ =
η
Ep
;
meanwhile the standard temperature diverges at a point r+ =
l√
3
and decreases to zero at
r+ = 0.
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Figure 9: The standard (black) and modified heat capaity (red) versus the horizon radius for an AdS black
hole.
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5 Spinning black ring
The metric of a spinning black ring in five dimensions takes the form [25, 26, 27, 28]
ds2 = − Adt
2
f 2(E/Ep)
+
dy2
Bg2(E/Ep)
+ gψψ
[
dψ
g(E/Ep)
+
Nψdt
f(E/Ep)
]2
+
gxxdx
2
g2(E/Ep)
+
gφφdφ
2
g2(E/Ep)
, (37)
with
A(x, y) ≡ F (y)
F (x)
[
1− C(ν, η)
2(1 + y)2
F (x)2G(y)/(x− y)2 + C(ν, η)2(1 + y)2
]
, (38)
B(x, y) ≡ −
[
R2F (x)
(x− y)2G(y)
]−1
, (39)
F (x) ≡ 1 + ηx, G(x) ≡ (1− x2)(1 + νx), C(ν, λ) ≡
√
η(η − ν)1 + η
1− η . (40)
The dimensionless parameter ν represents the shape of the horizon, and R a scale factor.
Hence we can deduce the modified temperature of spinning black ring with the relation E ≥
1/∆x ≈ 1/(νR) [16]
T =
(1− ν)
√
1 + ν2
4
√
2piνR
(
1− η
νREp
)
. (41)
We plot the curves of the modified temperatures, entropies and heat capacities versus the
dimensionless parameter ν in Figure 10, 11 and 12, in the units η = 1, Ep = 1 and R = 5.
Thus Figure 10 reveals a fact that the modified temperature goes to zero at ν = η
REp
.
By making use of the mass M , angular velocity Ω and angular momentum J given by [25]
M =
3piR2ν
2(1− ν)(1 + ν2) , Ω =
1
R
[
1− ν + ν2 − ν3
2(1 + ν)
] 1
2
, J =
piνR3√
2
[
1 + ν
(1− ν)(1 + ν2)
] 3
2
, (42)
we deduce the minimal mass corresponding to the zero temperature,
Mmin =
3piηR4Ep
2
2(REp − η)(R2Ep2 + η2)
. (43)
The modified entropy can be obtained from the first law of black hole thermodynamics,
S =
∫ (
dM
T
− ΩdJ
T
)
=
√
2pi2
[
2R3ν3 + 3ηEp
−1R2ν2 + 6η2Ep
−2Rν + 6η3Ep
−3 ln(Rν − ηEp−1)
]
ν(1− ν)(1 + ν2) 32
. (44)
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Figure 10: The standard (black) and modified temperature (red) versus the dimensionless parameter ν for a
spinning black ring.
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Figure 11: The standard (black) and modified entropy (red) versus the dimensionless parameter ν for a spinning
black ring.
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From Figure 11 it is obvious that the entropy goes to zero when ν is in the order of the Planck
length.
Similarly, the heat capacity of a spinning black ring at a constant angular momentum is
CJ = T
(
∂S
∂T
)
J
=
(
∂S
∂R
)
ν
(
∂J
∂ν
)
R
−
(
∂S
∂ν
)
R
(
∂J
∂R
)
ν(
∂S
∂T
)
J
(
∂S
∂T
)
J
−
(
∂S
∂T
)
J
(
∂S
∂T
)
J
=
3
√
2pi2K(ν)
(1− ν)ν(1 + ν2) 32
[
Rν(2 + 3ν2 + ν4) + (−1 + ν)(4 + ν + 7ν2 + 4ν3)ηEp−1
] , (45)
where
K(ν) ≡ Rν
[
2R3ν3(−1 + 2ν)(1 + ν2)− R2ν2(−1 + ν − 2ν2 + ν3 + 5ν4)ηEp−1
−3Rν(−1 + ν − 2ν2 + ν3 + 5ν4)η2Ep−2 + 6(−1 + ν − 2ν2 + ν3 + 5ν4)η3Ep−3
]
−6(−1 + ν − 2ν2 + ν3 + 5ν4)(Rν − η)η3Ep−3 ln
(
Rν − ηEp−1
)
. (46)
CJ tends to the standard result when η → 0. Figure 12 shows that the heat capacity of a
spinning black ring diverges at the point where the latter reaches its maximum temperature.
0.2 0.4 0.6 0.8 1.0
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Figure 12: The standard (black) and modified heat capacity (red) versus the dimensionless parameter ν for a
spinning black ring.
6 Conclusion
In this paper, we have constructed a new type of gravity’s rainbow and investigate its impact
on different black holes (black ring). It is found that the new gravity’s rainbow function
leads to a similar remnant as the appointed rainbow function. We have also derived some
important thermodynamic quantities such as the corrected temperature, entropy and heat
12
capacity associated with the Schwarzschild, Kerr, AdS black holes as well as the spinning black
ring. The features of these quantities are summarized in the figures above.
It is evident that at the ending stage of the evaporation process, the black holes (or black
ring) do not vanish. On the contrary, such a minimal mass, called black hole remnant, exists
and therefore the catastrophic ending of Hawking radiation can be avoided. This indicates that
our method is able to reach the equally satisfactory results obtained by the GUP (Generalized
uncertainty principle) method. In the framework of GUP, a minimal scale generated from the
modification of the Heisenberg relation leads to a black hole remnant as well as corrections to
the quantities of black hole thermodynamics. In our future work the approach in this paper
will be developed and other forms of gravity’s rainbow on various black holes will be studied.
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